We point out that by modifying the setup of a recent experiment that generates a Dirac String [4] , one can create a quasi 2D spinor Bose condensate on a cylindrical surface with a synthetic magnetic field pointing radially outward from the cylindrical surface. The synthetic magnetic field takes the form of the Landua gauge. It is generated by the Berry's phase of a spin texture, frozen by an external quadrupolar magnetic field. Unlike in the planar case, there are two types of vortices (called A and B) with the same vorticity. The ground state for 5 ≤ S ≤ 9 consists of a row of alternating AB vortices lying at the equatorial circle of the cylinder. For higher values of S , the A and B vortices split into two rows and are displaced from each other along the cylindrical axis z. The fact that many properties of a BEC are altered in a cylindrical surface implies many rich phenomena will emerge for ground states in curved surfaces.
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In the study of quantum matter, one usually deals with Euclidean space. Spaces with non-zero curvatures are seldom encountered. Yet in theoretical studies, torus and spherical surfaces are often used for computational convenience, or to demonstrate hidden topological properties of the system. In recent years, it is found that curvature effects can mimic those of gauge fields (as in the case of graphene [1] ), and can lead to topological responses such as Hall viscosity [2] . The fact that spatial curvature can help uncover new features of quantum matter makes it desirable to create manifolds of controllable curvature, and to develop capability to add in synthetic gauge fields.
The purpose of this paper is to point out ways to create quantum gases in curved surfaces and to manufacture synthetic gauge fields in such systems. As a first step, we shall consider the simple geometry of an annulus and the case of spinor condensate of bosons with large spin. We consider Bose-Einstein condensates (BEC) because its quantum properties are often magnified considerably by Bose statistics. Large spins particles are considered because the Berry phase that determines the strength of synthetic gauge fields for these particles is proportional to their spin. As we shall see, the system we construct amounts to a system of "charged" bosons in a magnetic field written in Landau gauge. The effective magnetic field pointing radially outward, normal to the cylindrical surface. This gauge field is caused by a spin texture generated by a (real) quadrupolar magnetic field. We shall also point out that the techniques we apply in our construction have all been achieved experimentally; therefore, creating BEC on cylindrical surface with a Landau gauge is feasible.
As it turns out, for typical parameters of atomic gases, a ground state in the lowest Landau level ("mean field quantum Hall regime") can only be achieved with a thousand of particles or less. A Bose gas with with 10 5 bosons will form a condensate occupying many Landau levels. For a sufficiently strong synthetic magnetic field, the ground state will contain vortices [3] . However, due to the topological constraint of the annulus and the curvature of the cylinder, the flow pattern of a single vortex as well as the vortex lattice are very different from those found in planar geometry. For a BEC in a plane, isolated vortices have cylindrical symmetry and the vortex array of a rotating BEC is a hexagonal lattice. For BECs in an annulus, however, there are two kinds of vortices with the same vorticity but different flow pattern. In a large effective magnetic field, the vortices will first align in a single row at the center of the annulus at z j = 0 in the azimuthal direction ϕ. After certain proliferation, the vortices split into two lines at z j = ±Z. The velocity profile resembles that of two countercirculating superfluid rings separated in the z direction. In the time of flight experiments, a row of n vortices will lead to an n-fold symmetry in the density profile in the azimuthal direction. The presence of many quantum phenomena have taken new forms in curved space even for the simple case of Bose condensates suggest a great deal more new phenomena lay in store for more complex quantum systems.
I. Experimental setup and realization of the Landau gauge in a cylinder : Our setup is a modification of the recent experiment by Daivd Hall's group to generate a Dirac string in a BEC by inserting in it a quadrupolar magnetic field [4] . Our system is shown in Fig. 1 . A confining potential of the form an annulus is constructed by piercing through an attractive potential (produced by a red-detuned laser) with a repulsive core (produced by a blue-detuned laser). This will create a confining well in the radial direction with a minimum at radius R.
2 /2 is imposed along the z-direction, which is far weaker than the harmonic trap in the radial direction in the neighborhood of R. When a quantum gas is loaded onto this trap, it will form a cylindrical layer with radius R and thickness σ. By increasing R and reducing the frequency ω z , we shall have R σ. The quantum gas then becomes a curved quasi-2D system.
Next, we insert a quadrupole magnetic B at the center of the cylinder,
The direction of B on the cylindrical surface is shown in Fig a 3D BEC has been recently performed in the experiment in Ref. [4] . Our configuration is basically a modification of the set up in Ref. [4] there by piercing through their harmonic potential with a repulsive blue-detuned laser. For a sufficiently large quadrupole field, the spins of the bosons will align with the local magnetic field. Denoting direction of the spin aŝ l = cos α 1ẑ + sin α(cos βx + sin βŷ), Eq. (1) implies
The condensate wave function of bosons with spin S is then
, where a is the spin index, ζ a (x) is a normalized vector aligned with the local magnetic field, i.e.
With the spin direction frozen by B, the kinetic energy becomes
The field φ experiences an effective gauge field A(x) ≡ −iζ † (x)∇ζ(x). The energy functional of ψ (with spin indices suppressed),
reduces to a functional of φ, and the last two terms in Eq.(3) (which we shall see is only a function of z) can be absorbed into potential V(z). In the limit where the radius R of the quantum gas is much larger than its thickness σ, the system can be regarded as a quasi-2D system, and the field φ is a function of z and the azimuthal angle ϕ. It is then straightforward to show that
for z < R/2, wherer is the radial unit vector in cylindrical coordinate. This effective magnetic field corresponds to 2S unit of phase winding in the planar case. Thus, for Bose gases with sufficiently large spin, the ground state is expected to contain vortices. To simplify notations, we measure length in units of R, so that z/R → z, and z is now dimensionless. We further introduce the dimensionless variablesα
2 ), then the energy functional becomes
The first two terms represent a system in uniform magnetic field with a Landau gauge. II. Isolated vortex and vortex array patterns on a cylinder: To find the vortex pattern for the cylindrical 2D condensate, we seek for a variation solution in the Thomas-Fermi (TF) limit for the functional Eq.(8). We use the variational anzatz
Here n(ϕ, z) is the density profile given by the TF approximation in the absence of vortices. f (ϕ, z) punches hole in the vortex locations (ϕ i , z i ) and modifies the density profile,
where ξ is the core size, also written in units of R. The phase Θ(ϕ, z) gives a 2π phase winding around each vortex. This form has been shown to match well with experiment in the case of rotating gases [3] . The periodicity of the wave function (or e iΘ ) in ϕ, however, strongly constraints the form of Θ. From the conformal mapping between a punctured plane and a cylinder, one finds two distinct phase factors e iΘ ± j that have the same +2π phase winding about the local (ϕ j , z j ),
where u = ϕ + iz, and u j = ϕ j + iz j is the vortex location. The superfluid velocity of each vortex is m ∇Θ ± where
One can easily identify that ∇Θ + j is related to ∇Θ − j by a π rotation with respect to the vortex core. For |z − z j | 0, they approach
So, as a function of z, ∂ ϕ Θ + j (or ∂ ϕ Θ − j ) approaches to a constant far above (or far below) the vortex core, and vanishes on the other side, as shown in Fig. 2a and Fig. 2b . Because of this feature, we call Θ + j and Θ − j the A-and B-vortex as their superfluid velocities are mostly non-vanishing "above" and "below" the vortex core respectively. Note that despite their very different velocity patterns, both of them have the same +2π circulation around the vortex core. In the case we have A-vortices on a set of Q point {u j , j = 1, ..Q} and Bvortices on another set of Q points, {u j , j = Q + 1, ..2Q}, the phase factor is
We have minimized the energy Eq.(8) with the variational wave function Eq.(9), where the vortices at (ϕ j , z j ) can be either A or B type. We shall first present our results and describe the details of our calculation at the end. The variational result is shown in Fig. 3 . First, since the system has reflection symmetry in z-direction, A and B vortices must appear in pairs at appropriate location to respect this symmetry. Our variational calculation shows that for S ≤ 4, the strength of the gauge field is not strong enough to generate vortices in the ground state. For S = 5, 6, 7, 8, there are 4, 6, 8, 10 vortices respectively lying on the circle at z = 0 (i.e. z j = 0). These rows of vortices are all in the alternating pattern A-B-A-B-.. . For S ≥ 9, the vortices split into two rows above and blow z = 0, with the A-vortices shifted up and B-vortices shifted down.
In our calculations, we have considered a system of 10 the vortex core is chosen to be the coherence length of uniform condensate with the chemical potential at z = 0. We conclude this section by examining the phase function and velocity field of the alternating vortex row in greater detail. Let us consider the case of S = 6 (corresponding to 168 Er) where the ground state has 6 vortices of alternating A and B type equally spaced on the circle at z = 0, say, at ϕ = n 2π 6 , where n = 0, 1, ..5. Defining w = e iu = e iϕ−z , and α = e 2π/6 , the phase function W in Eq.(15) is then
The wave function is simply
Eq.(18) shows that for z > 0 (z < 0), φ(ϕ, z) quickly approaches e −3iϕ ( e 3iϕ ). The system then consists of two counter circulating superflow above and below z = 0, as shown in Fig.2(c) .
The reason that the vortex pattern is so different from the planar case is a consequence of the confined geometry. As one increases the strength of the gauge field by, say, increasing S , more vortices will come. At some point, it will be too costly to put all the vortices in a single row. Our calculation shows that the vortices will separate into two rows, as shown in Fig.3 for the cases S ≥ 9. Mathematically, if one squeeze in a large number of vortices by choosing a very large value of S , the vortices will then organize in a lattice on a cylinder as in the planar case. The separation of vortices in two rows as shown in Fig.3 can be viewed as a tendency towards the lattice limit.
III. Signature of the vortex array: The presence of these alternating vortex array can easily be detected in time of flight experiments. As we have discussed, the AB vortex row consist of 2n vortices will generate two counter phase superflow e −inϕ and e +inϕ for z > 0 and z < 0. The system can be approximated by two rings of condensates with opposite circulation, with one ring sitting above the other along z with a separation or the order of their radius R. In the time of flight experiment, these two rings will produce an interference at the z = 0 plane of the form of e −inϕ + e +inϕ and therefore exhibit a density pattern with 2n-fold symmetry. This effect is in fact found in an explicit calculation of the ballistic expansion of the vortex row condensate in Eq. (18). The time evolution of the condensate is given by
where U(ϕ, z, t; ϕ , z ) is the Green's function for free particle propagation at large distance and at long times in cylindrical coordinates, U(ϕ, z, t; ϕ , z ) ≈ exp −i(Rr cos(ϕ − ϕ ) + zz )/x 2 0 , and x 0 = √ t/m. The density pattern at the equatorial plane z = 0 at long times is shown in Fig.4 .
IV Details of the variational calculation: Since both n, f in Eq.(9) are real and |h| = 1, we can rewrite Eq.(8) as
We recognize E 3 has the form of usual Gross-Pitaevskii energy functional, and determines the density profile in the absence of vortices. Applying TF approximation to Equation (23) and vary with respect to n, we obtain
with the constraint n ≥ 0. Here β = 2µ/Mω 2 z R 2 , and the condensate spreads within (−β, β). Taking the condensate to be homogeneous along radial direction, the total number of particles given by this density profile is then
where a s is the scattering length related to g by g = 4π 2 a s M . Further, in the absence of vortices, f = 1 everywhere, and the first two terms in E 2 vanishes. That means E 2 is the energy increase due to the existence of vortices. To analyze it, we first notice that the core size is given by the coherent length ξ ∼ √ 1. That means the first two terms in E 2 is only non-zero close to each vortex core. So we can make approximations using the identity
, where f 1 (x) is a smooth function, and f 2 (x) is only non-zero within a small region around x i 's. Then the integration can be done analytically:
), where C = π 6 (4 ln 2 − 1) ≈ 0.928125 is the integration result, and z i is the z coordinates of vortices, and it is confined to |z i | < β. As expected, the vortex core energy would like to repel vortices out of the condensate by increasing |z i |. The constant term plays no role and will be omitted. Also, we takeαξ = 1 according to the above analysis.
In summary, measured in units of
2g , the energy functional is reduced to
For fixed total particle number N, reducing β corresponds to increasing the strength of the trap or weakening the interaction. We will take β = 1 in the following. The vortices should induce the superfluid velocity profile that serves to cancel (2S z) with ∂ ϕ Θ in the above energy functional, and therefore lower the energy. Concluding Remarks: The emergence of two kinds of vortices with identical vorticity in a cylindrical manifold is a new feature of Bose condensates in a cylinder. It is a consequence of the topological constraint on the single value-ness of the wave function (i.e. that forces the spatial dependence to be expressed in terms of e inϕ ) and should persists even when the manifold is deformed. Although we focus on a particular aspect of the quantum gas in curved surfaces, there are a lot more to explore especially for systems with more complexity. Realization of quantum gases in curved surfaces will surely open an exciting direction for cold atom research.
Acknowledgments: This work is supported by the NSF grant DMR-1309615, the MURI grant FP054294-D, and the NASA grant 1501430.
